INTRODUCTION AND BASIC DEFINITIONS
By a triangularion we mean a connected 2-dimensional simplical complex G such that its underlying topological space /G/ is a closed surface. We also say that G is a triangulation of S if IGI is homeomorphic to S. Note that each edge of G is contained in precisely two triangles of G. The r??aps between triangulations are nondegenerate simplical maps. Recall that a nondegenerate map is a simplical map which maps triangles onto triangles and edges onto edges.
Let K, be the complete graph on four vertices. Adding 4 triangles we obtain a triangulation of the 2-sphere which is isomorphic to the boundary of the 3-simplex. Note that the graph K, is the l-skeleton of a unique triangulation. In this spirit the notation K4 will serve us for both the graph and its unique triangulation. If G is a triangulation, then a 4-coloring of G is a map ,j G --f K,. The vertices of K, are the colors of the 4-coloring. We consider two 4-colorings to be the same if they differ by a permutation of colors (an automorphism of K4).
Let e be an edge of a triangulation G. There are exactly two triangles containing e. The two vertices of these triangles which do not belong to e are said to be opposite w.r.t. e. If a 4-coloringf of G is such that any two opposite vertices have different colors, then f is said to be nonsingular. A triangulation has at most one nonsingular coloring. The following is known [l].
1.1. PROPOSITION. A triangulation G of the 2-sphere has a nonsingular 4-coloring if and only if the degree of each vertex is divisible by three.
Suppose that we have a 4-coloring f: G -+ K4 of G. Let 3 and b be two colors, and let K(a, /?) denote the subgraph of G which is induced on the vertices colored a and /?, i.e., K(cx, /?) =f-'((a, /3)). If we change the coloring f by interchanging the colors CI and p on a connected component of K(a, I), we get a new coloring which is said to be obtained from f by a Kempe change. Two colorings are said to be Kempe equivalent if one is obtained from the other by a sequence of Kempe changes. Kempe equivalence is an equivalence relation on the set of 4-colorings of G.
There is a special interest [ 11 in triangulations G having nonsingular 4coloring which is not Kempe equivalent to any other 4-coloring of G. Such a triangulation is said to be akempic. It is easy to see [S] that a triangulation of the 2-sphere which has a nonsingular 4-coloring f is akempit if and only if for each edge e of K4, SP '(e) is connected, and this is also equivalent to the condition that for each edge e of K4, f-'(e) is a tree. Note that f-'(e) are just Kempe components K(a, p) with c@ = e. A characterization of the akempic triangulations of the 2-sphere seems to be a difficult problem. However, there is some succes: in [S] all akempics with exactly 4 vertices of odd degree are characterized. We note that, since akempic triangulations have vertex degrees divisible by 3, the modified Euler's formula for the triangulations of the 2-sphere, 3g, = 12 + 3g, + . . + (6 + 3i). g,i + . , where g, is the number of vertices of degree k, yields that any akempic triangulation of the 2-sphere contains at least four vertices of degree 3 (which is odd degree). If there are precisely four of them, all the remaining vertices must have degree 6.
The next explanation is not made precise in order to avoid unnecessary definitions. Let G be a graph together with a 2-cell embedding in some closed surface S. Suppose that we have a graph G -and a graph covering projection p: G ---+ G. If C is a cycle in G bounding a 2-cell then p ~ '( C) is a union of cycles in G -, and on each such cycle C -in G -we glue the boundary of a 2-cell. The covering projection p can be extended to a map p defined also on these 2-cells. If the length of C" is k-times the length of C (kE N), then the extension of p on the 2-cell attached to C" is topologically equivalent to the complex map p(z) = zk (we consider both 2cells as the unit balls in the complex plane). Attaching the 2cells gives us a 2-cell embedding of Gin some closed surface S". The extension p of p is a branched covering projection of S" onto S. Note that p is a covering projection except on points in the middle of the 2-cells (z = 0), which are called branch points (see also [3] for a more rigorous definition).
Let G be a triangulation and G* its dual cell complex. If f: G -+ K4 is a nonsingular 4-coloring, then the dual mapf*: G* + (K4)* gives rise to the 582b:42:1-2 graph covering p of the l-skeleton G: of G* onto the graph K4 viewed as the l-skeleton of K:. It is important that the converse is also true [S].
PROPOSITION. A 4-coloring j G -+ K4 of G is nonsingular if and only
if the dual map f *: G* + K$ is an extension of a graph covering of GT onto K4. Thus, the nonsingular 4-colorings of triangulations and graph coverings onto K4 are in a bijective correspondence.
It turns out that the dual approach is much more effective, because to describe the graph coverings we can make use of the permutation voltage graphs introduced by Gross and Tucker [3] . Every covering graph G over the base graph B can be described by a permutation voltage assignment on B. For an n-fold covering over B we assign to each arc e (each edge of B gives rise to two oppositely oriented arcs) of B a permutation in S, (S, is the symmetric group on the integers 0, l,..., n -1). The permutation assigned to an arc is called a voltage. The only condition on the voltages is that inverse arcs have assigned inverse voltages. Without loss of generality we may choose voltages on a spanning tree of B as the identity permutation. With a permutation voltage graph (B together with a voltage assignment cp: {arcs of B} --f S,), the derived graph Bq is associated as follows. Take n copies of the vertex set of B, i.e., V(B) x (0, l,..., n -1 }, as the vertex set of Bq, and vertices (v, i) and (u, j) are adjacent if v is adjacent to u in B andj= a(i) where c = cp(vu) is the voltage on the arc vu from v to u.
We use permutation voltage graphs to describe covering graphs over K4 and we seek to find appropriate conditions on the voltages in order that the dual of the covering will be an akempic triangulation. Without loss of generality we may assume that the voltages are as shown in Fig. 1 where id is the identity permutation. If describing akempic triangulations of the 2sphere, we may without loss of generality assume that r(O) =O, and for 0 I i < n, /j'@(i) = i + 1 (mod n) (cf. [S] ). The permutations are composed as functions, e.g., flu(i) = p(cr(i)). In [S] the following is shown 1.3. PROPOSITION. Let a(O) = 0 and pa(i) = i + 1 (mod n). The derived FIGURE 1 graph of the permutation voltage graph shown on Figure 1 is the dual graph of an akempic triangulation of the 2-sphere with four vertices of odd degree if and only if (1) n isoddand (2) for i=O, I,..., n-l,
and y(i) = 2k-i (mod n) where k is such that gcd(2k, n) = gcd(2k-1, n) = 1.
By Proposition 1.3 the dual graph of an akempic triangulation under consideration can be represented as a special voltage graph, having voltages as shown on Fig. 1 , and G( and b are determined by (2) . Such a voltage graph is said to be normalized. By Proposition 1.3 all akempics of the 2-sphere with 4 odd vertices are characterized. However, some of them (for different k's) may be isomorphic. In [S] the following bound is given. Let k(n) be the number of k's such that gcd(2k, n) = gcd(2k -1, n) = 1, 0 5 k < n, and let a(n) be the number of akempics of the 2-sphere having 2n + 2 vertices (i.e., the dual is an n-fold covering over &), four of which are of odd degree. Then k(n)/24 5 a(n) 2 k(n). In the present paper we derive an explicit formula for a(n), cf. Theorem 2.3. The quantities k(n) and t(n) used in the formula for a(n) can be easily calculated by the use of the results in Section 3.
We add a brief discussion about the akempic triangulations of the torus having only vertices of even degree. It can be shown that such triangulations must have 6-regular graphs (1 -skeleton) which are uniquely embeddable in the torus [6] . Every 6-regular triangualation of the torus can be represented by means of three integer parameters a, b, c as ?'(a, b, c) (see, e.g., [2, 6] ), and akempic are precisely those of them for which a = 2r, b = 2, c = 2t, and gcd(r, t) = gcd(r, t + 1) = 1. Such a triangulation has 4r vertices. By using the unique embeddability of the graph of T(2r, 2, 2t), its automorphism group is easily calculated (cf.
[6]), and the (nonisomorphic) even akempics of the torus with 4r vertices can be enumerated. It turns out that their number is precisely a(r) = [k(r) +2t(r) + 3]/6, cf.
Theorem 2.3. It is interesting that our Theorem 2.3 can be derived from this result, since the akempics T(2r, 2, 2t) with r = 0 (mod 3) are exactly the minimal even covers (cf. [2] ) of akempic triangulations of S2 with 4 odd vertices. However, this way requires more work than the direct one presented in our paper.
THE ENUMERATION
Let n be an odd number and let k, 0 5 k < n, be an integer such that gcd(2k, n) = gcd(2k -1, n) = 1. Denote by G(n, k) the derived graph of the permutation voltage graph of Fig. 1 where 2, /3, and y are determined by Proposition 1.3. Denote by P,,,~: G(n, k) --f K4 the corresponding covering projection. The graph G(pl, k) is the dual of an akempic triangulation of 5" having 4 vertices of degree 3. To enumerate such akempic triangulations it suffices to enumerate the graphs G(n, k) arising in the above way.
LEMMA.
Let f: G(n, k ,) + G(n, k2) he a (graph) &morphism. Then there is an automorphism o E Aut(K,) such that p+f = cr~,?,~,.
Proof. The duals G(n, k) of triangulations of the 2-sphere are 3-connetted graphs and thus uniquely embeddable in the 2-sphere. The result follows by the fact that the covering projections P,,,~, (i = 1, 2) determine the embeddings. g
The automorphism group Aut(K,) can be naturally identified with S4 by considering the vertices of K, as the numbers { 1, 2, 3,4) on which S, acts.
Let c E S, he an automorphism of K4, und let G(n, k) he the akempic triangulation determind by Proposition 1.3. Then there is the unique number k' such that there is an isomorphism ,fi G(n, k) + G(n, k') such that Pdc.f = gPpi,.h Proof. The existence of k' is obvious. The uniqueness follows from the fact that the nonsingular 4-coloring of G(n, k)*, which is the dual map of P,?,~, is unique up to a permutation of colors, and thus there is no nontrivial automorphism of G(n, k) preserving fibres of the covering projection P,,,h. 1 By Lemma 2.2 the group S4 acts on the set of graphs G(n, k). Clearly, the number a(n) of (non-isomorphic) akempic triangulations with 4 odd vertices and of order 2. (17 + 1) is just the number of orbits of this action (n fixed). By the well-known Burnside Lemma,
where Fix(g) is the set of G(n, k) fixed by Q.
Suppose that G(n, k) is fixed by c. If p E S,, and k' is such that G(n, k') is obtained from G(n, k) by the action of p, then clearly k' is fixed by pop -'. This in turn implies that the cardinality of Fix 
To make use of the above formula it is necessary to have a method to determine which G(n, k) are fixed by the action of a permutation. First we describe the action in more detail. Let G(n, k) and c E S, be given. Consider G(n, k) as the voltage graph of Fig. 1 . If we apply o on it, we get another voltage graph, say G,(n, k), which is no more in the normalized form (in Fig. 2 the voltage graphs obtained so far by the permutations 6, (2 =< i 5 5) are given). But, obviously, there is an equivalent voltage graph which is normalized (cf. Proposition 1.3). The normalized form is obtained from G,(n, k) in such a way that the vertices in each fibre (i.e., the vertices which project by P,,,~ onto the same vertex of K4) are permuted in a proper way. If the permutation over the vertex i of K, is denoted by @, then the voltage assignment $ of G,(n, k) and its normalized voltage assignment $O are connected by the following formulas
where $(ij) and $O(ij) denote the voltages on the arc with initial vertex i and terminal vertex j. Since the requirement for the normalized form is FIGCRE 2 GO( 12) = 9, $,(23) = p, c(,( 14) = id, etc., it is possible to determine @I, @2> @3, and 04. However, our work will be even easier. By Proposition 1.3 it suffices to demand that the permutation I/?~( 12) has the fixed point 0 and $,(23) $,(12)=/? cx is the shift (and rl/O is the identity on the spanning tree containing the arcs 14, 24, and 34). Moreover, we are interested only if the fixed point of $0 (13) is equal to k since in this case F; fixes G(n, k). To check this we do the following:
(1) Determine the point o := ds;' (0). This is the level in G,(n, k) which is at level 0 in the derived graph of the voltage graph in the normalized form. Since $,(41)$,(24) ti0(12)=a, the number o is the fixed point of the permutation $(41) $(24) $( 12).
(2) Determine the points X, and xj in the fibre above 1 and 3, respectively, in G,(n, k) which will be at level k in the normalized form. 
is satisfied. Now we are prepared to calculate 1 Fix(a i = I, 2, 3, 4, 5.
(1) The case i = 1 is trivial since the identity fixed every graph G(n, k). Thus IFix( = k(n).
(2) i= 2. The voltage graph GgZ(~, k) is represented in Fig. 2 . The fixed point of the permutation r/1(41) $(24) $(12) = a is w =O. Since $(41) r/1(34) $(23) $(12) = a/3, and LX/Z!(~) =j-1 we see that X, = (Q)" (0) = -k, and x3 = -(k -1). (All calculations are done in Z,,). The constraint (3) for k to be fixed under the action of ~~ is thus $(13)(-k)= -(k -l), i.e., y( -k) = 1 -k. Since y( -k) = 3k, this is true if and only if 4k = 1 (mod n). There is precisely one k satisfying this condition (since n is odd). We show that this number satisfies also the requirement gcd(2k, n) = gcd(2k-1, n) = 1. Since 4k = 1 (mod n) and y1 is odd, k is relatively prime with II, and so is 2k. But also 2. (2k -1) E -1 (mod n). Thus 2k-1 is relatively prime with n, too. We conclude that IFix( = 1. 
If t2 + t + 1 = 0 (mod n) then clearly gcd(n, t) = gcd(n, 2k -1) = 1. But since also (t+1)2-(t+l)+1=t2+t+1=0 (modn), it follows that gcd(t + 1, n) = gcd(2k, n) = 1. The permutation o3 fixed G(n, k) if and only if (4) is satisfied. Hence IFix = t(n), the number of solutions of t2+t+1=OinZ,.
(4) For g4, o is the fixed point of p, i.e., w = (n + 1)/2. It is also immediate that x, = @Y)"(W)= (n + 1)/2+k, and x3 = (/~l)~-.'(~)=xi -1. The condition (3) is y(x,) = xj. After a short calculation we see that this is true for every k. Thus jFix(a,)l = k(n).
(5) In this case w is the fixed point of y, thus w = k. As in the preceding cases we get x, = (@z)!+(k) = 2k and xj = p(x,) = 1 -2k. G(n, k) is fixed by c5 if and only if x3 = xi, and this is equivalent to 4k = 1 (mod n). The same conclusion as in Case 2 yields IFix( = 1. Now, formula (2) gives us the main result of this paper.
2.3. THEOREM. Let n be an odd positive integer. Then the number a(n) of (nonisomorphic) akempic triangulations of the 2-sphere with 4 odd vertices and of order 2. (n + 1) is equal to a(n) = k(n) + 2t(n) + 3 6 '
where k(n) is the number of integers k such that 0 5 k <II and gcd(2k, n)= gcd(2k-1, n) = 1, and t(n) is the number of solutions qf the congruence t2 + t + 1 = 0 in Z,,.
Recall that, if n is even then a(n) = 0. Clearly, also k(n) = t(n) =O. So, Theorem 2.3 would hold also in this trivial case if we put the integer part on the right side of the formula for a(n).
CALCUL.ATIONS
The quantities k(n) and t(n) from Theorem 2.3 can be easily calculated. The formula for k(n) is deduced in [S].
3.1. PROPOSITION. Let k(n) be the number of k's such that BOJANYOHAR gcd(n, 2k)=gcd(n, 2k-l)= 1, and Osk<n. If n =p';'p~...pp is the decomposition qf n into primes, then k(n) = n. b (1 -2/p,). i=I
The calculation procedure for t(n) is similar.
3.2. PROPOSITION. Let t(n) be the number qf solutions of the equation t* + t + 1 = 0 in Z,. Let n = 3"pyl p;*. . . p:' (j 2 0, x 2 0) be the decomposition of n into primes. If for i= 1, 2 ,..., j, p, E 1 (mod 3) and u E {0, 1 }, then t(n) = 2,'. In any other case t(n) = 0.
ProoJ The congruence t* + t + 1 = 0 (mod n) gives rise to the following equivalent system of j + 1 congruences (or just ,j if a = 0): t2+t+ 1 =O (modpyl), i= 1, 2 ,...,, j, and t'+t+l=O (mod3").
Each solution of t" + t + 1 z 0 (mod n) determines a solutions of the above system, and vice versa. The number of solutions, t(n), is equal to the product of the numbers of solutions of particular congruences in the above system, cf. 14, Sect. 8.21. We shall be done if we prove the following. The congruence t'+ t + 1 = 0 (modpfi) for p a prime and fi 2 1, has two solutions if p = 1 (mod 3), has one solution if p = 3 and p = 1, and has no solutions in all other cases. We start at the beginning. For p = 2, clearly there is no solution. Let p = 3. If p = 1 we have the solution t = 1. If /I > 1, observe that each solution must also be a solution of t2 + t + 1 = 0 (mod 9). But there is no such t as is easily verified. Now, let p be a prime number, p # 2, 3. We first look for solutions when fl= 1. Since p is odd, the congruence is equivalent to 4t' + 4t + 4 = 0 (mod p), or (2t + 1)' = -3 (mod p). Thus, -3 must be a square modulo p, and in such case there are precisely two solutions for t. By 14, Theorem 961, -3 is a square modulo p (p # 3) if and only if p = 1 (mod 3).
In [4, Sect. 8.31 we also find that for i= 1, 2, 3 ,..., a solution tj of t* + t + 1 = 0 (modp')
gives rise to exactly one solution t!,, of t* + t + 1 = 0 (mod p'+ ') if and only 'f 1 2t,+ I f 0 (modp). In such a case t ,+ i is of the form ti+ s.p'. Hence, ti= t, (modp), and therefore 2t,+ 1 f 0 (mod p), since t, = (p -1)/2 does not solve 4t2 + 4t + 4 E 0 (mod p). Consequently, two initial solutions, t, and t',, give rise to two solutions tg and t;, of t2 + t + 1 = 0 (mod pB). The two solutions tg and t;i are not equal to 
